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In the last few years, the study of finite groups with two independent 
generators has attracted attention [1], [2]. Under the name general products 
of cyclic groups, these groups have been studied (through different lines) 
by the author (see for example [3], [4], [5], [6]). The determination of 
such groups is however related to certain permutations called semi-
special by the author and special substitutions by DOUGLAS [1]. 
Accordingly, in some case, the structure of these groups have been 
expressed in terms of some simple parameters (see for example [4], [5], [6] 
and others). 
It is the object of the present note to describe the structure of finite 
groups with three independent generators of which one has order 2 and 
another one has order 4. In future, the author hopes to describe such 
groups when one of the generators has order 2'" and another one has order 
2P• For 01. ={3 = 1, the corresponding groups are obviously (cf. Lemma 1) 
of the type 
am =b2 =c2 =e, ab=bau , ac=cav, bc=cb 
where 
u 2 - v2 - 1 (mod m). 
§ 1. Preliminaries 
In this section, we state some known results which will be required. 
Lemma 1. The general product of {a} and {c}, when c is of order 2, is 
am =c2 =e, ac=cau , u 2 - 1 (mod m). 
Lemma 2. The general products of {a} and {b}, when b is of order 4, 
are 
Ll : am =b4 =e, ab=bar, r4 1 (mod m), 
L2 : am =b4 =e, ab=b3a2t+1, a2b=ba2s, 
where, in the defining relations of L 2 , m is even and 
(1) 2s = 4t+ 2 + 2t(1 +s), 4t(1 +s) 0, 2s2 = 2 (mod m). 
The following lemma shows that the last congruence of (1) is a direct 
consequence of the first two congruences. 
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Lemma 3. The congruences (1) (where m is even) are equivalent to 
(2) 28 _ 4t+2+At(1+8), ,ut(1+8) _ 0 (modm) 
where 
{ A = 0 ,u = 2 for k = 1 2} 
m=2kM, k;;;d, M is odd and A=2: ,u=4 for k>3' . 
Proof. We deal seperately with the cases k= 1, 2 and k> 3. 
1) k=l. 
In this case m=2111, where M is odd. The second congruence of (1) gives 
directly 2t(1 +8) _ 0 (mod 2M) which, when combined with the first 
of (1) implies at once 28 _ 4t+2 (mod 2M). This proves (2). 
Conversely, if 
(3) 28-4t+2, 2t(1+8)=O (mod 2M) 
the first two congruences of (1) are evidently satisfied. 
It remains now to show that 282 _ 2 (mod 2M). 
Combining together the congruences of (3), we obtain 
4(t2+t) = 0 (mod 2M). 
But, from the first of (3), we have 8 = 2t + 1 (mod M) and thus 
82 = 4(t2+t)+ 1 = 1 (mod M), i.e. 282 = 2 (mod 2M). 
Therefore the congruences (1) and (2) are, in this case, equivalent. 
2) k=2. 
In this case m=4M, where M is odd. The second congruence of (1) gives 
t(l +8) 0 (mod M), but since 4 divides m, it follows from the third 
of (1) that 8 is odd, hence 1 +8 is even and therefore 
2t(1 +8) = 0 (mod 4M). 
Combining this congruence with the first of (1), we get at once 28 = 4t+2 
(mod 4M), and (2) is thus established. 
Conversely, if 
(4) 28 = 4t+2, 2t(1 +8) - 0 (mod 4M), 
the first two congruences of (1) are again satisfied. 
Then it remains to show that 282 - 2 (mod 4M). 
Combining also the two congruences of (4), we get 
4(t2 + t) - 0 (mod 4M). 
Further, the first of (4) shows that 8 - 2t+ 1 (mod 2M) and thus 
82 = 4(t2 + t) + 1 = 1 (mod 2M), i.e. 282 = 2 (mod 4M). 
We have thus shown that, for !c=2, the congruences (1) and (2) are also 
equivalent. 
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3) k;;. 3. 
In this case m = 2'c M with M odd, and the congruences (2) are 
(5) 2s = 4t+2+2t(1+s), 4t(1+s) 0 (mod 2kM) 
which are exactly the same as the first two congruences of (1). 
Thus we have to establish, in virtue of (5), the congruence 2S2 _ 2 
(mod 2M). 
Now, if we combine the two congruences of (5), we find 
(6) 2s = 4t+ 2 (mod 2k- 1M), 4(t2+t) - 0 (mod 2k- 1M). 
Further, the first of (6) shows that s - 2t+ 1 (mod 2k- 2M), so we may 
write 
s _ 2t+1+2k- 2Mw (mod 2k- 1M), with w=O or 1. 
Then S2 4(t2+t)+1+(2t+1)2k-lMw+22k-4M2W2 (mod 2k- 1M) which, 
by using the second of (6) and remarking that Ie;;. 3, implies directly 
S2 - 1 (mod 2k- 1M), i.e. 2S2 - 2 (mod 2kM). 
Thus, for k;;. 3, the congruences (1) and (2) are also equivalent. 
This completes the proof of the lemma. 
The preceding lemma simplifies the defining relations of the group L2 
mentioned in Lemma 2. Thus we have 
Lemma 4. With the notation of Lemma 2, the defining relations 
of L2 are 
where m=2kM, k;;.l, M is odd and 
2s - 4t+2+}.t(1+s), ,ut(l+s)=O (modm), 
with 
{ }.=O, ,u=2 for k=l, 2) 
}.=2, ,u=4 for k;;.3 f· 
§ 2. Description of the problem 
Let G be a finite group with three independent generators a, b, c of 
orders m, 4, 2 respectively. Then {b, c}, being a prime power group of 
order 23 is either Abelian or non-Abelian. If non-Abelian, the defining 
relations of {b, c} are obviously 
b4=c2=e, bc=cb3• 
Moreover, {a, c} must be the group described in Lemma 1. Accordingly, 
in the determination of all groups G, we have four cases to consider: 
1) {a, b} = L1, {b, c} is Abelian. We denote this group by the type T( 1,1), 
2) ~a, b }=Ll' {b,c} is non-Abelian. We denote this group by the type T(1,2). 
3) {a,b}=L2' {b,c} is Abelian. We denote this group by the type T(2,1). 
4) {a,b }=L2' {b,c} is non-Abelian. We denote this group by the type T(2,2). 
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In this note, we aim to describe groups of these types in terms of some 
simple parameters and prove the existence of such groups for permissible 
parameter values. 
§ 3. Groups of the type T(1,I) 
Theorem 1. If there is a group G of the type T(1,1), then it has 
the defining relations 
(7) 
where 
(8) r 4 1, u 2 1 (mod m). 
Conversely, if rand u are any numbers satisfying (8), then the group G 
generated by a, b, c with the defining relations (7) is of the required type. 
Proof. The first part ofthe theorem follows directly from Lemmas 1,2 
together with the fact that, for the type T(1,1), {b, c} is Abelian. 
For the converse, let H be the system of the 8 m formal triads [x, y, z] 
where x is taken mod m, y mod 4 and z mod 2. The triads [x, y, z] and 
[x', y', z'] are to be regarded identical if 
x' - x (mod m), y' _ y (mod 4), z' = z (mod 2). 
In this system, define multiplication by means of the formulae 
[x, y, z] [x', y', z']= [rY' uZ'x+x', y+y', z+z']. 
Under this multiplication, it is easy to verify that H is a group (the 
identity is [0,0,0] and the inverse of [x, y, z] is [-r-YuZx, -y, z]). 
Also a= [1,0,0], b= [0,1,0] and c= [0,0,1] are idependent generators 
which satisfy relations T(I,I). 
Corollary. The direct product of {a}, {b} and {c} is provided with 
r = 1, u _ 1 (mod m). 
§ 4. Groups of the type T(1,2) 
Theorem 2. If there is a group G of the type T(1,2), then it has 
the defining relations 
(9) am =b4 =c2 =e, ab = bar, ac=cau , bc=cb3 
where 
(10) r2 1, u 2 _ 1 (mod m). 
Conversely, if rand u are any numbers satisfying (10), then the group 
G generated by a, b, c with the defining relations (9) is of the desired type. 
Proof. Assume the existence of a group G of the type T(1,2). Then 
the defining relations (9) will follow directly from Lemmas 1,2 together 
with the fact that, for the type T(1,2), {b, c} is non-Abelian. 
157 
Also, these lemmas show that 
r 4 1, u 2 _ 1 (mod m). 
We proceed now to show that the condition imposed on r simplifies to 
r2 _ 1 (mod m). For, by using relations (9) together with the associative 
law in G, we have 
a( bc) = a( cb3) = caub3 = cb3ar3u , 
(ab)c = (bar)c = bcaru = cb3aru , 
but a(bc) = (ab)c, and therefore r3u ru (mod m) which, if we remark 
that rand u are both prime to m implies directly r2 - 1 (mod m). We 
have thus shown that (9) and (10) are necessary. 
For the converse, we use again the system H of Theorem 1, where 
multiplication is now defined by 
[x, y, z] [x', y', z']= [rY'uz'x+x', 3z'y+y', z+z']. 
That H forms under this multiplication a group can be easily verified (the 
identity is again [0,0,0] and the inverse of [x, y, z] is [ -r-Yuzx, - 3Zy, z]). 
Moreover a= [1, 0, 0], b= [0,1,0] and c= [0,0,1] are three independent 
generators which satisfy relations T(I,2). 
§ 5. Groups of the type T(2,1) 
Theorem 3. If there is a group G of the type T(2,1), then it has the 
defining relations 
(11) am=b4 =C2 =e, ab=b3a2t+l, a2b=ba2s , ac=ca2v+l, bc=cb 
where m is even, say, m=2kM, k;;, 1, M is odd and 
(12) { 2s=4t+2+At(l+s), ,ut(l+s)=O (modm) (2v+ 1)2 - 1 ,2vs -- 2v(2t+ 1) (mod m) 
with 
{ A=O, ,u=2 for k=I,2} 
A = 2, ,u = 4 for k;;, 3 . 
Conversely, if t, s and v are any numbers satisfying (12), then the 
group G generated by a, band c with the defining relations (11) is of 
the required type. 
Note: It may be remarked that for k=l, 2: 2s 4t+2 = 2(2t+l) 
(mod m), then the last congruence of (12) is trivial and thus may be 
omitted. 
Proof. Assume the existence of a group G of the type T(2,1). For 
this type {a, b} = L2 , {a, c} is of the type described in Lemma 1 and {b, c} 
is Abelian. 
By Lemma 4, {a, b} has the defining relations 
(13) am = b4 = e, ab = b3a2t+ 1, a2b = ba2s 
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where m=2k M, k:;;d, M is odd and 
(14) 28 = 4t+2+At(I+8), .ut(1+8)=0 (modm) 
with 
{ A=0,.u=2 for k=I,2 
A=2, .u=4 for k;;;.3. 
Moreover, since m (the order of a) is now even and the u of Lemma 1 
is prime to m, the defining relations of {a, c} may be written 
(15) am =c2= e, ac=ca2v+1 
where 
(16) (2v+ 1)2 _ 1 (mod m). 
Relations (13) and (15) combine with the fact that {b, c} is Abelian to 
show that (11) is necessary. Moreover, (14) and (16) show that the first 
three congruences of (12) are necessary. It remains now to establish the 
last congruence of (12) only when k;;;. 3 (this congruence is identically 
satisfied for k = 1, 2). 
By using (13) and (15) together with the associative law in G, and 
remembering that bc=cb, we have 
a(bc) =a(cb) = ca2v+1b = cb3a2t+2V8+1, 
(ab)c = b3a2t+1c = b3ca(2t+1)(2v+1) = cb3a2t+2v(2t+1) +1, 
but since a(bc) = (ab)c, it follows that 
2V8 = 2v(2t+ 1) (mod m), 
this completes the proof of the necessity of (12). 
For the converse, let P be the set of classes of formal triads [x, y, z] 
where x is taken mod m, y mod 4 and z mod 2. We introduce H as a 
permutation group on P namely that generated by iX, {3 and y where 
iX[X, y, z] = [x+ 1, y, z], 
{3[2x, y, z] = [2X8, y+ 1, z], {3[2x+ 1, y, z] = [2X8+ 2t+ 1, y+ 3, z] 
y[x, y, z]= [(2v+ l)x, y, z+ 1]. 
That iX, {3 and yare in fact permutations can be easily seen. Permutations 
are written here as left hand operators but their multiplication is performed 
like right hand operators. Thus if :n: and e are two permutations~ then 
(:n:e)[x, y, z]=e(:n:[x, y, z]). 
In what follows, we use the congruences 
28 _ 4t+2+2t(I+8), 4t(I+8) = 0, 282 = 2 (mod 2kM) 
which are, by Lemma 3, alternately equivalent to the first two congruences 
of (12) and the proof applies in general for all k;;;. 1. 
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By direct calculation and by using the congruence 282 = 2 (mod m), 
we have 
,82[2x, y, z]= [2x, y+2, z] 
,82[2x+ 1, y, z] = [2x+ 1 + 2t(1 +8), y+ 2, z]. 
Then by using the congruence 4t(1 +8) - 0 (mod m), it follows that 
(17) 
where s denotes the identity of H. Also one can easily confirm that 
(18) exm =y2=S. 
Further, (ex,8)[2x, y, z] = [2X8 + 2t+ 1, y+ 3, z] 
(ex,8)[2x+ 1, y, z]= [(2x+2)8, y+ 1, z], 
,83[2x, y, z]= [2X8, y+3, z] 
,83[2x+ 1, y, z] = [2X8+ 2t(1 +8) + 2t+ 1, y+ 1, z], 
and (,83ex2t+1 )[2x, y, z] = [2X8 + 2t + 1, y + 3, z] 
(,83ex2t+1 )[2x+ 1, y, z] = [2X8+ 2t(1 +8) + 4t + 2, y + 1, z]. 
Thus, in virtue of the relation 28 = 4t+ 2+ 2t(1 +8) (mod m), it follows 
at once that 
(19) 
Moreover 
therefore 
(20) 
(ex2,8)[2x, y, z] = [(2x + 2)8, y + 1, z] 
(ex2,8)[2x + 1, y, z] = [(2x + 2)8+ 2t+ 1, Y + 3, z] 
(,8ex2s)[2x, y, z] = [2X8+ 28, Y + 1, z] 
(,8ex2s )[2x+ 1, y, z] = [2X8+ 2t+ 1 + 28, y+ 3, z], 
Furthermore, (exy)[X, y, z] = [(2v+ 1)(x+ 1), y; z+ 1] 
(yex2V+1)[x, y, z]= [(2v+ 1)(x+ 1), y, z+ 1], 
so that 
(21) exy=yex2V+1. 
Finally, (,8y)[2x, y, z] = [2x(2v+ 1)8, y+ 1, z+ 1] 
(,8y)[2x+ 1, y, z] = [(2X8+ 2t + 1)(2v+ 1), y+ 3, z + 1] 
(y,8)[2x, y, z]= [2x(2v+ 1)8, y+ 1, z+ 1] 
(y,8)[2x+ 1, y, z]= [{(2x+ 1)(2v+ 1) -I} 8+2t+ 1, y+3, z+ 1] 
= [(2X8+2t+ 1)(2v+ 1), y+3, z+ 1] 
by using the congruence 2V8 = 2v(2t+ 1) (mod m). 
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Therefore 
(22) (3y =y(3. 
Thus corresponding to the defining relations of G, (17)-(22) combine to 
show 
rxm =(34=y2=s, rx(3=(33rx2t+l, rx2(3=(3rx2s, rxy=yrx2v+l, (3y=y(3. 
This shows that H is a homomorphic image of G, but as the order of H 
is 8 m, and that of G is at most 8 m, they have the same order and are 
isomorphic. Hence G is the desired group. This completes the proof of 
the theorem. 
Corollary 1. If m=2M, where M is odd, the defining relations of 
the group G, of Theorem 3, will be 
a2M = b4 = c2 = e, ab = b3a2t+l, a2b = ba2(2t+l), ac = ea2v+l, be = cb 
where 
t2+t - 0, (2v+ 1)2 _ 1 (mod 2M). 
This is obvious, if we observe that, for k= 1, 
28 4t+2=2(2t+ 1) (mod 2M), 
and therefore, the second of (12) gives 
° 2t(1 +8) 4(t2+t) (mod 2M), 
which, if we remark that t2+t=t(t+ 1) is even, implies at once 
t2 + t ° (mod 2M). 
Corollary 2. If m=4M, where M is odd, the defining relations 0 
the group G, of Theorem 3, will be 
a4M = b4 = c2 = e, ab = b3a2t+l, a2b = ba2(2t+l), ac = ca2V+l, be = cb 
where 2(t2+t) = 0, (2v+ 1)2 - 1 (mod 4M). 
The proof is similar to that of Corollary 1, we omit this proof. 
§ 6. Group8 ot the type T(2,2) 
Theorem 4. If there is a group G of the type T(2,2), then it has 
the defining relations 
(23) am = b4 = c2 = e, ab = b3a2t+l, a2b = ba2S, ac = ca2V+l, be = eb3 
where m=2k M, k> 1, M is odd and 
{ 28 - 4t+2+At(I+8), ,ut(I+8) - ° (modm) (24) (2v+l)2 1 ,2V8 - 2v(2t+l)+2t(I+8) (modm) 
with 
{ ~=o, ,u=2 ;or kk=I,2 }. 
11.=2, ,u=4 ~or >3 
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Conversely, if t, s and v are any numbers satisfying (24), then the 
group G generated by a, band e with the defining relations (23) is of 
the desired type. 
The proof follows the same pattern as in Theorem 3, save for the proof 
of the converse, we use the permutation 
Y[X,y,z]=[(2v+1)x,3y,z+1] 
m place of the permutation 
y[x, y, z]= [(2v+ 1)x, y, z+ 1] 
used in Theorem 3. We omit .this proof. 
Note: It may be remarked that, for k= 1,2 
2s 2(2t+ 1), 2t(1 +s) ° (mod m), 
then the last congruence of (24) is trivial, and thus may be omitted. 
Corollary 1. If m=2M, where M is odd, the defining relations of 
the group G, of Theorem 4, will be 
a2M = b4 =e2 = e, ab = b3a2t+l, a2b = ba2(2t+l), ae = ea2V+l, be = eb3 
where 
t2+t _ 0, (2v+ 1)2 = 1 (mod 2M). 
Corollary 2. If m=4M, where M is odd, the defining relations of 
the group G, of Theorem 4, will be 
a4M = b4 = e2 = e, ab = b3a2t+l, a2b = ba2(2t+l), ae = ea2V+l, be = eb3 
where 
2(t2+t)-0, (2v+1)2=1 (mod4M). 
The proofs are direct and are omitted. 
§ 7. Conclusion and Illustrative example 
Theorems 1-4 describe all the finite groups with three independent 
generators of which one has order 2 and another one has order 4. It may 
be remarked that the groups described in Theorems 3 and 4 do not arise 
unless m (the order of the generator a) is even. 
As an illustrative example, we have worked out the case m= 12. Taking 
m= 12 in Theorems 1, 2 and in Theorem 3, Cor. 2, Theorem 4, Cor. 2, 
the corresponding groups may be classified as follows: 
a12 =b4 =e2=e, ab=bar, ae=eau , be=eb, 
a12 = b4 = e2 = e, ab = bar, ae = eau , be = eb3, 
with r, u = 1,5, 7, 11 (mod 12), and 
a12 = b4 = e2 = e, ab = b3a2t+l, a2b = ba2, ae=ea2V+l, be = eb, 
a12 = b4 = e2 = e, ab = b3a2t+l, a2b = ba2, ae = ea2V+l, be = eb3, 
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with 2t _ 0,6 2v + 1 - 1, 5, 7, 11 (mod 12), and 
a12 =b4 =c2 =e, ab=b3a2t+l, a2b=balO, ac=ca2V+l, bc=cb, 
a12 = b4 = c2 = e, ab = b3a2t+l, a2b = balO, ac = ca2v+l, be = cb3 , 
with 2t - 4, 10, 2v+ 1 - 1,5,7, 11 (mod 12). 
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